We study the ability of gravitational-wave detectors to constrain the nature of the environment in which compact binaries evolve. We show that the strong dephasing induced by accretion and dynamical friction can constraint the density of the surrounding medium to orders of magnitude below that of accretion disks. Planned detectors, such as LISA or DECIGO, will be able to probe densities typical of those of dark matter.
INTRODUCTION
Most of the content of our universe is unknown, and its properties may change from the solar neighborhood to distant galaxies. Accordingly, the astrophysical environment around stellar and massive black holes (BHs) can be very diverse. The dark matter density in the Solar neighborhood is of order ρ = 0.01M /pc 3 = 6.7 × 10 −22 Kg/m 3 (Pato et al. 2015) and that of interstellar dust can be even lower. However, the dark matter density can be 8 orders of magnitude or more larger, close to the center of galaxies and in the vicinities of BHs (Ferrer et al. 2017) . Supermassive BH binaries can be evolving in accretion disks which have densities as large as 10 −6 − 100 Kg/m 3 for thick and thin accretion disks, respectively (Barausse et al. 2014) . It has also been conjectured that coalescing BHs may form via dynamical fragmentation of a very massive star undergoing gravitational collapse, leading to a binary evolving in a medium with density as high as 10 10 Kg/m 3 or higher (Loeb 2016; Reisswig et al. 2013) .
In the presence of a nontrivial environment (magnetic fields, fluids, dark matter, etc), three mechanisms contribute to change the dynamics of a compact binary with respect to that in vacuum: accretion, gravitational drag and the self-gravity of the fluid. These all contribute to a small, but potentially observable change of the gravitational-wave (GW) phase. We wish to understand to which level can GW observations constrain the properties of the environment, with only mild assumptions.
THE PHASE DEPENDENCE IN VACUUM AND BEYOND
Take a BH binary of total mass M , separated by a distance L and with an orbital frequency Ω. We will assume that the binary circularized by the time it enters the detector band. At leading order in vacuum GR, the dynamics of a binary is governed by energy balance: the quadrupole formula implies that the binary is emitting a flux of GW energẏ
in GWs, where µ is the reduced mass of the system. Thus, the orbital energy of the system E orb = −M µ/(2L) must decrease at a rate fixed by such loss. This fixes immediately the time-dependence of the GW frequency to be f −8/3 = (8π) 8/3 M 5/3 (t 0 − t)/5, where M is the chirp mass and f = Ω/π.
Once the frequency evolution is known, the GW phase simply reads
In the Fourier domain it is possible to obtain analytical templates of the waveforms. One can write the gauge-invariant metric fluctuations as
where t ret is the retarded time. The Fourier-transformed quantities arẽ (13)). The binary moves in a medium of density ρ = ρ0(R/r) β , and is subjected to accretion, gravitational forces from the matter distribution (assumed to be centred at the binary's center of mass) and to gravitational drag. Results refer to β = (0, 1) and to collisionless and Bondi accretion, respectively. Mechanism γ Gravitational pull (2, 4/3) Gravitational drag (11/3, 3) accretion (3, 11/3) , (7/3, 3)
Dissipative effects are included within the stationary phase approximation, where the secular time evolution is governed by the GW emission (Flanagan & Hughes 1998) . In Fourier space, we decompose the phase of the GW signalh(f ) = Ae iΨ(f ) as:
where Ψ
GR = 3/128(Mπf ) −5/3 represents the leading term of the phase's post-Newtonian expansion, and f = Ω/π.
ASTROPHYSICAL CORRECTIONS
Environmental effects in the evolution of a compact binary can be divided in different categories, and were comprehensibly studied in the past Kocsis et al. 2011; Eda et al. 2013; Macedo et al. 2013; Barausse et al. 2014) . Consider a BH binary evolving in a medium of density
This density profile can describe a constant magnetic field or constant-density fluid for β = 0, or thick accretion disks. For β = 1 is describes the inner core of dark matter regions (Navarro et al. 1997) . Such an environment affects the binary dynamics in different ways: by exerting a gravitational pull on the binary, the Newtonian equation of motion and balance equations change, leading to a relative dephasing
up to factors of order unity, which agrees with previous results (Eda et al. 2013; Barausse et al. 2014) . Accretion of the surrounding medium into the BH also introduces a dephasing. This can be estimated by assuming a fluid at rest (with no angular momentum) and unperturbed by the binary. The dephasing introduced by accretion can be computed by extending previous analysis (Macedo et al. 2013; Barausse et al. 2014 ). The result depends on the type of accretion (i.e., if the environmental medium is collisionless or behaves as a fluid). We find
Bondi (9) Here, the symmetric mass ratio η ≡ M 1 M 2 /M 2 . Besides the extra gravitational pull by the matter inside the orbital radius and accretion, all of the surrounding medium slows the binary down through gravitational drag. At leading order, the gravitational drag produces a force on object "i" in the direction of motion, given by
where v is the relative velocity between body "i" and the gas (which we will take, as a rough approximation, to be given by the Keplerian velocity), and I is a prefactor of order unity which depends on the relative velocity of the binary components with respect to the medium (Kim & Kim 2007 ). For supersonic motion, I ∼ ln [(r i /r min )/(0.11Υ + 1.65)], with Υ ≡ v/v s the Mach number (v s is the sound speed), r i the orbital radius of the object and r min an unknown fitting parameter. Our results show a very mild dependence on the exact value of r min . There are special-relativistic corrections to this formula (Barausse 2007) , and corrections for slab-like geometries (such as those in accretion disks) (Vicente et al. 2019 ). We do not consider these effects here.
The dephasing introduced by dynamical friction is regulated by an extra energy lossĖ DF = F DF v K . For the profile (7), we find the dephasing
Our purpose is to constrain, at an order-of-magnitude level and agnostically, the environmental properties. Although the drag created by thin accretion disks falls outside the approximations made here for the density, it can be mapped into one of the above with γ = 29/12 (Barausse et al. 2014).
NUMERICAL ERRORS
We now wish to understand how a modified inspiral phase can help in constraining the corresponding parameters. As a baseline for the GR waveform we use the semi analytical PhenomB template in the frequency domain for non-precessing spinning BHs (Ajith et al. 2008 (Ajith et al. , 2011 . We consider a Newtonian amplitude, averaging on the sky localisation of the binary systems. In the limit of GW signals with large signal-to-noise ratio, the probability distribution of the source's parameters, for a given observation, can be described by a multivariate Gaussian peaked around the true values, and with covariance Σ ij = (Γ −1 ) ij , given by the inverse of the Fisher matrix (Vallisneri 2008 ). The latter is build from the first derivatives of the GW templatẽ h(f ) = A exp[i(Ψ GR +Ψ env )] with respect to the source's parameters θ i = (ln M, ln η, τ c , φ c , χ eff , ρ 0 ):
The errors on θ i are given by the diagonal components of the covariance matrix, namely σ i = √ Σ ii . Beside the chirp mass, the GW template depends on the symmetric mass ratio η = m 1 m 2 /M 2 , on the time and phase at the coalescence (τ c , φ c ), and on the effective spin χ eff = (m 1 χ 1 + m 2 χ 2 )/M , where χ 1,2 are the BH's dimensionless spin parameters. The integral in Eq. (12) is also function of the detector's noise spectral density S n (f ). In our analysis we focus on both ground-and space-based interferometers. We consider advanced LIGO/Virgo at design sensitivity (LIGOWhite 2018), a third generation detector like the Einstein Telescope (Hild et al. 2011; ETWhite 2018) , the LISA mission (Amaro-Seoane et al. 2017), and the Japanese satellite DECIGO, proposed to operate in the decihertz regime (Isoyama et al. 2018 ). The lower end of the Fisher matrix's integration is set to f as the frequency's value of the binary 4 years before the merger (Berti et al. 2005) . On the other edge of the integral, we set the maximum frequency of ground based detectors to coincide with the PhenomB inspiral-merger transition value f 1M , which depends on the source's parameters (Ajith et al. 2011) , while for space interferometers f = min[100 Hz, f 1M ]. As prototype binary for our numerical analysis we consider three classes of objects: (i) two stellar mass BH binary systems with the properties of the observed gravitational events GW150915 and GW170608, and the binary neutron star event GW170817 (Abbott et al. 2018) (ii) a massive binary (MBBH) with (m 1 , m 2 ) = (10 6 , 5× 10 5 )M and (χ 1 , χ 2 ) = (0.9, 0.8), (iii) an intermediatemass binary (IBBH) with (m 1 , m 2 ) = (10 4 , 5 × 10 3 )M and (χ 1 , χ 2 ) = (0.3, 0.4). Massive and intermediate sources are both located at 1 Gpc from the detectors, while for the stellar binaries we use the median values of the luminosity distance estimated by the LIGO/Virgo collaboration.
RESULTS
The results for the dephasing can all be captured by the expression
up to factors of order unit, where the exponent γ is listed in Table 1 . The parameter β only affects the results via a simple re-scaling of the β = 0 results. For the remaining of this work, we focus on β = 0. Note that both for β = 0, 1 the most constraining effect is that of drag and it appears with γ = 3. The corrections introduced by environmental effects modify the phasing at very low (and negative!) preNewtonian order. They can all be included in a parametrized formalism (Yunes & Pretorius 2009; Barausse et al. 2014; Abbott et al. 2016) . Some of these modifications of the PN series were already considered in the context of extra radiation channels, with an unknown underlying physical theory (Barausse et al. 2016; Carson et al. 2019; Gnocchi et al. 2019 ). The results above show that such modifications appear at n = −3γ/2 PN order, and have a very specific physical origin. Numerical values of the 1-σ errors on the the parameter ρ 0 normalised to the average density of the water ρ H2O 10 3 kg/m 3 ,ρ 0 = ρ/ρ H2O , are shown in Figs. 1-2 for the three environmental effects discussed in the previous section.
The gravitational pull of matter, even when optimized (we have centered the environment at the binary's center-of mass to maximize the effects of the pull) can provide only weak constraints. For a double neutron star, LIGO is able to bound the surrounding density to be lower than 100, 000 that of water. Accretion effects are more important, and already the Einstein Telescope can probe environmental densities which can be of order of those expected for thin accretion disks.
As expected from the correspondence between the exponent γ and the post-Newtonian order, the most constraining effect is that of gravitational drag, which appears at −5.5 PN order. Although the data shown in Figs. 1-2 correspond to a specific binary location, our results can immediately be rescaled to any value of the source's luminosity distance, as the errors are proportional to the inverse of d.
For stellar-mass binaries, the error distribution is dominated by DECIGO, which provides bounds several orders of magnitude stronger than those obtained with current and future generation of ground-based detectors. Constraints inferred by the Japanese satellite are also Gravitational pull for different sources and detector configurations. Top and bottom panels refer to environmental effects due to gravitational pull and collisionless accretion. Different point markers identify distinct sources. For ground-based detectors and for DECIGO we consider sources with the same parameters of GW150914, GW170608 and GW170817 (Abbott et al. 2018) . For LISA we consider a massive and an intermediate-massive system both located at d = 1 Gpc from the detector, and with (m1, m2) = (10 6 , 5 × 10 5 )M , and (m1, m2) = (10 4 , 5 × 10 3 )M , respectively. The grey area denotes densities typical of accretion disks.
tighter than those derived from the observation of intermediate and massive sources in the millihertz regime Gravitational drag Figure 2 . 1-σ errors on the density parameter ρ0 normalized to the water average density for sources and detector configurations already shown in Fig. 1 , obtained via (lack of) dephasing from dynamical friction. The shaded blue area denotes densities typical or smaller than that of accretion disks, while the gray shaded region denotes densities typical of dark matter.
by LISA. The best-case scenario is given by the double neutron star system GW170817, and in general by very light sources. The latter span a large number of cycles in the low-frequency part of the spectrum, where environmental effects are more important.
Results for the gravitational drag are particularly interesting. Advanced detectors may be able to constrain the parameter ρ 0 at values close to the typical densities of thin accretion disks. A third generation of detector supplied by low-mass observations would also be able to probe densities featured by thick accretion disks. These values improve dramatically for space interferometers. Numerical data for DECIGO show that neutron star binaries are in principe able to constrain the lack of dephasing from dynamical friction at the level of dark matter density, namely for ρ 10 −18 Kg/m 3 . Such results also extend to the case of Bondi accretion, for which the phase correction δ Ψenv is characterised by the same exponent γ, and therefore by the same -5.5 PN order.
CONCLUSIONS
Gravitational wave detections of the coalescence of compact binaries is now routinely done. These happen across the sky, at various distances from the Earth. Thus, the results above indicate that GW detectors have a tremendous potential to map (bounds of) the density of the environment across the sky. Our results are agnostic as to the nature of the environment. Nevertheless, some of the bounds are so tight that one can think on using GW detectors to exclude large dark matter overdensities close to the binary location.
The results assume that systematics -such as errors in computing the vacuum waveforms -are under control. Our results are, naturally, a source of degeneracy and a limiting factor for tests of gravity (Barausse et al. 2014; Yunes et al. 2016 ): some of these astrophysical effects might be dominant over possible modifications of general relativity.
Finally, possible multi-band detections were not explored here, but they will improve the bound we discussed even further.
